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a b s t r a c t
Let A be a Hermitian matrix whose graph is G (i.e. there is an edge between the vertices i
and j in G if and only if the (i, j) entry of A is non-zero). Let λ be an eigenvalue of A with
multiplicity mA(λ). An edge e = ij is said to be Parter (resp., neutral, downer) for λ, A if
mA(λ) − mA−e(λ) is negative (resp., 0, positive), where A − e is the matrix resulting from
making the (i, j) and (j, i) entries of A zero. For a tree T with adjacency matrix A a subset
S of the edge set of G is called an edge star set for an eigenvalue λ of A, if |S| = mA(λ) and
A − S has no eigenvalue λ. In this paper the existence of downer edges and edge star sets
for non-zero eigenvalues of the adjacency matrix of a tree is proved. We prove that neutral
edges always exist for eigenvalues ofmultiplicitymore than 1. It is also proved that an edge
e = uv is a downer edge for λ, A if and only if u and v are both downer vertices for λ, A;
and e = uv is a neutral edge if u and v are neutral vertices. Among other results, it is shown
that any edge star set for each eigenvalue of a tree is a matching.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph of order nwith edge set E(G). ByH(G)we denote the set of all n× n Hermitian matrices Awhose graph
is G (i.e. there is an edge between i and j in G if and only if the (i, j) entry of A is non-zero). Note that the diagonal entries
are immaterial for belonging to the setH(G). For an n× n Hermitian matrix A, A(i1, . . . , ik) denotes the (n− k)× (n− k)
principal submatrix of A resulting from deletion of rows and columns i1, . . . , ik from A. Also A[i1, . . . , ik] denotes the k× k
principal submatrix of A lying in the rows and columns indexed by i1, . . . , ik. We denote the set of eigenvalues of A by σ(A)
and the multiplicity of λ ∈ σ(A) bymA(λ).
Let T be a tree, v ∈ V (T ), andA ∈ H(T ). The subgraph of T induced by removing of vertex v, T−v, corresponds in a natural
way to A(v). In particular, A(v) is a direct sum whose summands correspond to the components of T − v. Let e = ij ∈ E(T )
and S = {e1, . . . , ek} ⊆ E(T ). By A − e we mean the matrix resulting from making the (i, j) and (j, i) entries of A zero and
by A− S we mean A− e1 − · · · − ek. We say that a vertex v is a null vertex for λ, A if in any eigenvector of A corresponding
to λ the entry corresponding to v is 0 (see [9]). By the Interlacing Theorem [3, Theorem 0.10], |mA(λ) − mA(v)(λ)| ≤ 1 and
all three values of mA(λ) − mA(v)(λ) are possible. Johnson and Sutton [9] defined a vertex v to be a Parter (resp., downer,
neutral) vertex for λ, A if mA(λ) − mA(v)(λ) = −1 (resp., 1, 0). A set of vertices S of cardinality k is called a Parter set if
mA(S)(λ) = mA(λ) + k. A set of Parter vertices, each of which is Parter for λ, A is not a Parter set (see [7]). The theory of
downer, neutral and Parter vertices in Hermitian matrices whose graphs are trees is well-developed through a series of
papers by Johnson and his collaborators (see [8,7,9]). Here we investigate the same concept for edges.
We define a Parter, neutral and downer edge for A ∈ H(G) and λ ∈ σ(A). An edge e is called a Parter (resp., neutral,
downer) edge if mA(λ) − mA−e(λ) is negative (resp., 0, positive). Fig. 1 shows a tree in which the edges e, f , and g are
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Fig. 1. A tree with downer, neutral, and Parter edges for λ = 1.
Table 1
The status of a pair of adjacent vertices for A ∈ H(T ).
u v mA(λ)−mA(u,v)(λ)
Parter Parter −2, 0
Parter Neutral −1, 0
Parter Downer 0
Neutral Neutral 0
Neutral Downer Not possible
Downer Downer 1
Fig. 2. A tree withmA−e(1) = mA(1)+ 2.
respectively downer, neutral, and Parter for the eigenvalue λ = 1 with A ∈ H(T ) being the adjacency matrix of T
(cf. [3, Appendix, Table 2]).
We frequently use Table 1 which is taken from [9]. The table shows the value ofmA(λ)−mA(u,v)(λ) for all the possible status
of adjacent vertices u and v for a Hermitian matrix Awhose graph is a tree.
2. Downer edges
Let G be a graph and A ∈ H(G). It is known that for any λ ∈ σ(A), downer vertices always exist. (This is an immediate
consequence of Theorem 8.9.1 of [6]; see also [9].) Consequently, for any λ ∈ σ(A), there is a set ofmA(λ) vertices i1, . . . , ik
forwhichλ ∉ σ(A(i1, . . . , ik)). Such a set is called star set forλ, A (see [4,5]). Star sets of graphs have been studied extensively
in several papers, for instance, see [2,11–14]. Downer edges do not necessarily exist for any eigenvalue. In this section we
shall show that downer edges exist for trees and every non-zero eigenvalue.
Lemma 1. Let G be a graph, A ∈ H(G), λ ∈ σ(A), and e ∈ E(G). Then
mA(λ)− 2 ≤ mA−e(λ) ≤ mA(λ)+ 2. (1)
Proof. The result follows from the fact that A− λI = (A− e)− λI + B, where B is a matrix of rank 2. 
We note that the inequalities of both sides of (1) can be attained by some graph G and A ∈ H(G). For the left equality,
consider the complete graph Kn, n ≥ 3 with adjacency matrix A. Then mA(−1) = n − 1 and mA−e(−1) = n − 3 for any
e ∈ E(Kn). For the right equality consider the tree of Fig. 2 for whichmA(1) = 1 andmA−e(1) = 3, where A is the adjacency
matrix.
If we denote the characteristic polynomial of A by PA(λ), then by a similar method used in the proof of
[3, Theorem 2.12], we find that
PA(λ) = PA−e(λ)− |a|2PA(u,v)(λ), (2)
where a is the (u, v) entry of A. We use this equation in the sequel.
The left inequality of (1) can be improved for trees as follows.
Theorem 2. Let T be a tree, A ∈ H(T ), λ ∈ σ(A), and e = uv ∈ E(T ). Then
mA(λ)− 1 ≤ mA−e(λ).
Proof. Here we write
m = mA(λ), mi = mA[Ti](λ), m∗1 = mA[T1−u](λ), m∗2 = mA[T2−v](λ). (3)
Then we have
mA−e(λ) = m1 +m2, and mA(u,v)(λ) = m∗1 +m∗2. (4)
If m = m1 + m2 + 2, then by (2), m∗1 = m1 + 1 and m∗2 = m2 + 1. Hence u and v are downer vertices for λ, A, which
contradicts Table 1. 
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Our next theorem shows a strong connection between downer edges and downer vertices in a tree.
Theorem 3. Let T be a tree, A ∈ H(T ) and λ ∈ σ(A). An edge e = uv is a downer edge for λ, A if and only if u and v are downer
vertices for λ, A.
Proof. With the notations of (3) and using (4), if u, v are downer vertices, thenm−1 = m∗1+m2 = m1+m∗2 . Ifm1+m2 ≥ m,
then by (2),m∗1 +m∗2 ≥ m, and so (m∗1 +m2)+ (m1 +m∗2) ≥ 2m, a contradiction.
Conversely, if m1 + m2 < m, then m∗1 + m∗2 < m by (2), and so mA(u) + mA(v) = (m∗1 + m2) + (m1 + m∗2) ≤ 2(m − 1);
hence u and v are downer vertices. 
Lemma 4. Let G be a graph, with adjacency matrix A, λ ∈ σ(A), and v be a downer vertex for λ, A. If λ ≠ 0, then v has a
neighbor which is downer for λ, A.
Proof. Suppose that all neighbors of v are either neutral or Parter. So, by Johnson and Sutton [9, Theorem 2.1], all of them
are null vertices. Since v is not a null vertex and λ ≠ 0, the summation rule will be violated for some eigenvector of λ, a
contradiction. 
The condition λ ≠ 0 in the above lemma is necessary as in K1,n, with A0 its adjacency matrix, each pendant vertex v is
downer for λ = 0, A0 whereas v has no downer neighbor. Now, for any real number α, consider A = A0+αI which belongs
toH(K1,n). The status of the vertices of K1,n for λ = 0, A0 are the same for λ = α, A0 + αI . This means that Lemma 4 does
not hold for all A ∈ H(G).
The main result of this section follows from Theorem 3, Lemma 4, and the fact that downer vertices always exist.
Theorem 5. Let T be a tree, with adjacency matrix A and 0 ≠ λ ∈ σ(A). Then there exists a downer edge for λ with
mA(λ)−mA−e(λ) = 1.
In view of Theorem 5, we may define the analogue of star set for the edges of a tree. For a tree T with adjacency matrix
A and λ ∈ σ(A), a set S ⊆ E(T ) is called an edge star set for λ if |S| = mA(λ) and λ ∉ σ(A − S). Theorem 5 guarantees the
existence of edge star sets for any non-zero eigenvalue of the adjacency matrix of a tree.
3. The status of an edge from those of its ends
Theorem 6. Let G be a graph, A ∈ H(G), λ ∈ σ(A), and e = uv ∈ E(G).
(i) If u is Parter and v is downer for λ, A, then e is a neutral edge for λ, A.
(ii) If v is downer for λ, A, then e is either downer or neutral edge for λ, A.
(iii) If u and v are null vertices for λ, A, then e is either neutral or Parter edge for λ, A.
Proof. (i) Since A(u) is a principal submatrix of A− e and u is a Parter vertex for λ, A, we find that,
mA(λ)+ 1 = mA(u)(λ) ≤ mA−e(λ)+ 1.
Since v is a downer vertex for λ, A,
mA−e(λ)− 1 ≤ mA(v)(λ) = mA(λ)− 1,
completing the proof.
(ii) We have mA(λ) − 1 = mA(v)(λ). If e is a Parter edge for λ, A, then by Lemma 1, mA−e(λ) ≥ mA(λ) + 1 which implies
mA−e(λ) ≥ mA(v)(λ)+ 2. This contradicts the interlacing theorem.
(iii) By definition any eigenvector x for λ, A is zero in components corresponding to u and v. It turns out that x is an
eigenvector for λ, A− e, and we are done. 
Theorem 7. Let T be a tree, A ∈ H(T ) and λ ∈ σ(A). If mA(λ) ≥ 2, then there exists a neutral edge for λ, A.
Proof. As Parter vertices exist for eigenvalues of multiplicity at least 2, T has a null vertex relative to λ, A. Hence there exists
a null vertex uwith a non-null neighbor v, since otherwise all vertices should be null which is impossible. In view of Table 1,
u is Parter. Any non-null vertex is downer and so v is downer. Thus, by Theorem 6, the edge uv is neutral. 
So far we have showed the existence of downer edges for non-zero eigenvalues and neutral edges for eigenvalues of
multiplicity at least 2. But the situation is completely different from Parter edges. While it is known that ([10], see also [9])
Parter vertices exist for eigenvalues of multiplicity at least 2, for every A ∈ H(T ), one can easily find (using, e.g., the table
of tree spectra of [3, Appendix]) trees with no Parter edges for any eigenvalue, even for those of multiplicity at least 2.
Theorem 8. Let T be a tree, A ∈ H(T ), λ ∈ σ(A), and e = uv ∈ E(T ). Denote the components of T − e containing u and v by
T1 and T2, respectively. Then we have the following statements.
(i) If u, v are Parter vertices for λ, A, then either u is Parter for λ, A[T1] and e is a neutral edge for λ, A or u is downer for
λ, A[T1] and e is a Parter edge for λ, A.
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(ii) If u, v are neutral vertices for λ, A, then u and v are neutral for λ, A[T1] and λ, A[T2], respectively, and uv is a neutral edge
for λ, A.
(iii) If u, v are downer vertices for λ, A, then u and v are neutral for λ, A[T1] and λ, A[T2], respectively, and uv is a downer edge
for λ, A.
(iv) If u and v are Parter and downer for λ, A, respectively, then u is Parter for λ, A[T1] and v is a downer for λ, A[T2], and uv is
a neutral edge for λ, A.
(v) If u and v are Parter and neutral for λ, A, respectively, then either u is neutral for λ, A[T1], v is downer for λ, A[T2], and uv
is a Parter edge for λ, A, or u and v are Parter and neutral for λ, A[T1] and λ, A[T2], respectively, and uv is a neutral edge
for λ, A.
Proof. We have A(u) = A[T1 − u] ⊕ A[T2] and A(v) = A[T1] ⊕ A[T2 − v]. We use the notations of the proof of Theorem 2.
(i) Herem+1 = m∗1+m2 = m1+m∗2 . Ifm > m1+m2, thenby (2),m∗1+m∗2 = m1+m2. Now, 2m+2 = (m∗1+m2)+(m1+m∗2) =
2(m1 + m2) < 2m, a contradiction. If m < m1 + m2, then by (2), m∗1 + m∗2 = m. Now, (m∗1 + 1) + (m∗2 + 1) = m1 + m2,
whence m∗1 = m1 − 1 and m∗2 = m2 − 1 as required. If m = m1 + m2, then m+ 2 = m∗1 + m∗2 , whence m∗1 = m1 + 1 and
m∗2 = m2 + 1 as required.
(ii) Since u and v are neutral vertices for λ, A, by Table 1,mA(u,v)(λ) = m = mA(u)(λ). Therefore,
m∗1 +m∗2 = mA(u,v)(λ) = mA(u)(λ) = m∗1 +m2.
Thus v is neutral for λ, A[T2]. Similarly, u is neutral for λ, A[T1]. Now, by Table 1,
m = mA(u,v)(λ) = m∗1 +m∗2 = m1 +m2 = mA−e(λ).
This means that uv is a neutral edge for λ, A.
(iii) By Table 1,
mA(u)(λ) = m− 1 = mA(u,v)(λ).
This implies that
m∗1 +m2 = m∗1 +m∗2.
So v is neutral for λ, A[T2]. Similarly, u is neutral for λ, A[T1]. In the same manner as Part (ii) we find that uv is a downer
edge for λ, A.
(iv) By Table 1,
mA(u)(λ)− 1 = m = mA(u,v)(λ),
and then
m∗1 +m2 − 1 = m∗1 +m∗2.
Thus v should be downer for λ, A[T2]. Similarly, u is Parter for λ, A[T1], and uv is a neutral edge for λ, A.
(v) By Table 1,mA(λ)−mA(u,v)(λ) ∈ {−1, 0}. LetmA(λ) = mA(u,v)(λ). Since u is a Parter vertex for λ, A, so we have
m∗1 +m2 − 1 = mA(u)(λ)− 1 = m = mA(u,v)(λ) = m∗1 +m∗2.
Thus v is downer for λ, A[T2]. Since v is a neutral vertex for λ, A, so we have
m1 +m∗2 = mA(v)(λ) = m = mA(u,v)(λ) = m∗1 +m∗2.
Thus u is neutral vertex for λ, A[T1]. In the same manner as Part (ii) we find that uv is a Parter edge for λ, A. Now, let
mA(λ) = mA(u,v)(λ)− 1, so
m∗1 +m2 = mA(u)(λ) = m+ 1 = mA(u,v)(λ) = m∗1 +m∗2.
Thus v is neutral for λ, A[T2]. Similarly, one can show that u is Parter for λ, A[T1]. In the same manner as Part (ii) we find
that uv is a neutral edge for λ, A. 
We summarize the status of an edge regarding those of its ends in Table 2.
The following theorem is a useful criterion for the determination of Parter vertices in a tree.
Theorem 9 ([8]). Let T be a tree, A ∈ H(T ), λ ∈ σ(A) and v a vertex of T . Then v is a Parter vertex for λ, A if and only if there
is a neighbor ui of v that is a downer vertex for λ in its branch Ti, i.e., in A[Ti]. (Such a branch Ti is called a downer branch for the
Parter vertex v.)
Parter edges more or less have the same property:
Theorem 10. Let T be a tree, with adjacency matrix A, 0 ≠ λ ∈ σ(A), and e = uv be a Parter edge for λ, A, such that u, v are
of degree at least 2. Then there exists an edge adjacent to e which is downer in its branch.
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Table 2
The status of an edge via the status of its ends.
u for A v for A u for A[T1] v for A[T2] uv for A
Parter Parter Parter Parter Neutral
Parter Parter Downer Downer Parter
Neutral Neutral Neutral Neutral Neutral
Downer Downer Neutral Neutral Downer
Parter Downer Parter Downer Neutral
Parter Neutral Parter Neutral Neutral
Parter Neutral Neutral Downer Parter
Downer Neutral – – Not possible
Fig. 3. A counterexample for the converse of Theorem 10.
Proof. Since e is a Parter edge for λ, A, by Table 2, we have two cases. First, suppose that u and v are Parter vertices for λ, A.
So by Table 2, both u and v are downer vertices in their branches. Since λ ≠ 0, using Lemma 4, each of u and v has a downer
neighbor in its branch. Hence by Theorem 3, the assertion is proved. Now, with no loss of generality, suppose that u is a
Parter vertex for λ, A and v is a neutral vertex for λ, A. By Table 2, v is a downer vertex for λ, A in its branch. Since the degree
of v is at least 2, by Lemma 4, v has downer neighbor in its branch and by Theorem 3, we are done. 
Here is an example showing that the converse of the above theorem does not hold in general. Let A be the adjacency
matrix of the tree shown in Fig. 3. We havemA(
√
2) = 1 and bothwu, xu are downer edges for the eigenvalue λ = √2 and
the degree of vertex u and v are larger than 1, but uv is not a Parter edge for λ, A.
Theorem 11. Let T be a tree, A ∈ H(T ), λ ∈ σ(A), and e = uv, f = vw be two adjacent edges in T .
(i) If e and f are downer edges for λ, A, then mA(λ)−mA−e−f (λ) ∈ {0, 1}.
(ii) If e and f are Parter edges for λ, A, then mA(λ)−mA−e−f (λ) ∈ {0,−1,−2}.
(iii) If e is a neutral edge for λ, A and f is a downer edge for λ, A, then mA(λ)−mA−e−f (λ) ∈ {0, 1}.
(iv) If e is a neutral and f is a Parter edge for λ, A, then mA(λ)−mA−e−f (λ) ∈ {0,−1,−2}.
(v) If e and f are neutral edges for λ, A, then mA(λ)−mA−e−f (λ) ∈ {0,±1,−2}.
Proof. Let T1, T2, T3 be the components of T − e − f containing u, v, w, respectively. We use the notations of the proof of
Theorem 2. Further, letm∗3 = mA[T3−w](λ). Thus
mA−e−f (λ) = m1 +m2 +m3, (5)
and
mA(v)(λ) = m1 +m∗2 +m3. (6)
This implies that
mA−e−f (λ)−m2 = m1 +m3 = mA(v)(λ)−m∗2. (7)
(i) By Theorem 3, v is a downer vertex for λ, A and somA(λ)− 1 = mA(v)(λ). Hence
mA−e−f (λ)−m = m2 −m∗2 − 1. (8)
By Table 2, v is neutral for λ, A[T − T1]. By Theorem 9, v is either a neutral or a downer vertex for λ, A[T2]. Therefore
mA(λ)−mA−e−f (λ) ∈ {0, 1}.
(ii) Let a and b be the (u, v)- and (v,w)-entries of A, respectively. By (2), we have,
PA(x) = PA−e(x)− |a|2PA[T1−u](x)PA[T2−v](x)PA[T3](x).
Now, m < mA−e(λ) yields that m = m∗1 + m∗2 + m3, and similarly, m < mA−f (λ) implies that m = m∗3 + m∗2 + m1. If
eitherm∗1 > m1 orm
∗
3 > m3, thenm > m1+m∗2+m3 and v is a downer vertex, which contradicts Part (ii) of Theorem 6.
Hencem∗1 ∈ {m1,m1−1} andm∗3 ∈ {m3,m3−1}. Now, the result follows unlessm∗1 = m1,m∗3 = m3 andm∗2 = m2+1,
in which case we consider:
PA(u)(x) = PA[T1−u](x)

PA[T2](x)PA[T3](x)− |b|2PA[T2−v](x)PA[T3−w](x)

.
This shows thatmA(u)(λ) = m∗1 +m2 +m3 = m− 1, that is, u is a downer, which contradicts Part (ii) of Theorem 6.
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Table 3
The value ofmA(λ)−mA−e−f (λ).
e f mA(λ)−mA−e−f (λ)
Parter Parter 0,−1,−2
Parter Neutral 0,−1,−2
Parter Downer Not possible
Neutral Neutral 0,±1,−2
Neutral Downer 0,1
Downer Downer 0,1
(iii) By Theorem3, v is a downer vertex forλ, A and by Table 2, v is a neutral vertex forλ, A[T−T1]. So by Theorem9, v cannot
be a Parter vertex for λ, A[T2] and so v is either a neutral or a downer vertex for λ, A[T2]. From (7) andmA(v)(λ) = m−1
we conclude thatmA−e−f (λ)−m = m2 − 1−m∗2 . Thus we havem−mA−e−f (λ) ∈ {0, 1}.
(iv) Note that mA(v)(λ) = mA−e−f (λ)+ m∗2 − m2. By Theorem 6, v cannot be downer for A as f is a Parter edge for A. If v is
Parter for A, thenm+ 1 = mA(v)(λ) and som−mA−e−f (λ) = m∗2−m2− 1, fromwhich the result follows. If v is neutral
for A, then m − mA−e−f (λ) = m∗2 − m2, from which the result follows unless m∗2 > m2, i.e. v is Parter for A[T2]; this is
not possible by Table 2.
(v) The proof is similar to (iv). 
In a similar manner as Theorem 11 we have Table 3 which shows that the value of mA(λ) − mA−e−f (λ) for all possible
status of two adjacent edges e and f for a Hermitian matrix Awhose graph is a tree.
From Table 1, we deduce that every downer set for trees is an independent set (see also [1]). The same thing is true for
downer edge sets, an observation which follows from Theorems 2 and 11.
Corollary 12. Let T be a tree with the adjacency matrix A and λ ∈ σ(A). Any edge star set for λ, A is a matching.
4. Edge status and maximummultiplicity
For a given tree T , Hermitian matrices inH(T )which have an eigenvalue with maximummultiplicity have a distinctive
structure. This has been investigated in [7] in terms of status of vertices. In this section, we study the structure of these
matrices in terms of edges. For a given tree T , we denote by M(T ), the maximum possible multiplicity of eigenvalue λ
among matrices inH(T ).
The following results of [7] are frequently used in this section.
Lemma 13 ([7]). Let T be a tree, A ∈ H(T ) and λ be an eigenvalue of A with multiplicity M(T ). Let u1 and u2 be two adjacent
Parter vertices for λ relative to A. We denote by T1 the component of T − u2 containing u1 and by T2 the component of T − u1
containing u2. Then, u1 is a Parter vertex for λ relative to A[T1] and u2 is a Parter vertex for λ relative to A[T2], i.e., u1 and u2
form a Parter set for λ relative to A.
Lemma 14 ([7]). Let T be a tree, A ∈ H(T ), and suppose that there is an eigenvalue λ of A with multiplicity M(T ). If v is a Parter
vertex for λ we have the following.
(i) The degree of v in T is at least 2.
(ii) If T1, . . . , Tk are the branches of T at v, then mA[Ti](λ) = M(Ti), i = 1, . . . , k.
Lemma 15 ([7]). Suppose that T is a tree, A ∈ H(T ), and λ is an eigenvalue of A with multiplicity M(T ). Then, no vertex of T is
neutral for λ, A.
Lemma 16 ([7]). Suppose that T is a tree, A ∈ H(T ), and λ is an eigenvalue of A with multiplicity M(T ). Then, any Parter vertex
for λ has at least two downer branches.
Lemma 17 ([7]). Suppose that T is a tree, A ∈ H(T ), and λ is an eigenvalue of A with multiplicity M(T ). Then, upon removal of
a Parter vertex for λ, A in T , the status of other vertices does not change.
Theorem 18. Let T be a tree, A ∈ H(T ), λ ∈ σ(A) and mA(λ) = M(T ). Then there is no Parter edge in T .
Proof. Let uv be a Parter edge for T . By Table 2, with no loss of generality, we may assume that u is Parter for λ, A. By
Lemma 15 and Table 2, v is also a Parter vertex. Now, by Table 2, v is a downer vertex for λ, A[T2], which contradicts
Lemma 13. 
Theorem 19. Let T be a tree, A ∈ H(T ), λ ∈ σ(A) and mA(λ) = M(T ). Then, upon removal of a Parter vertex for λ, A in T the
status of edges does not change.
Proof. According to Theorem 18, it suffices to prove that the status does not change for downer and neutral edges. Suppose
w is a Parter vertex for λ, A. By Lemma 14 and Theorem 18, no branch of w has a Parter edge. Let e = uv be a downer edge
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for λ, A. By Theorem 3, u and v are downer vertices for λ, A and by Lemma 17, u and v are downer vertices for λ, A(w). Using
Theorem 3, e = uv is a downer edge for A(w).
Now, suppose that e = uv is a neutral edge for λ, A. By Lemma 15, we have no neutral vertex for λ, A. So by Table 2, two
cases may be considered. First, suppose that both u and v are Parter vertices. By Lemma 17, u and v are Parter vertices in
each branch of A(w). Note thatmA(w)(λ) = M(T −w). So by applying Theorem 18 and Table 2 to A(w), we see that e = uv
will remain a neutral edge for A(w). Now, with no loss of generality we may assume that u is Parter and v is downer. Now,
by Lemma 17 and Table 2, we are done. 
Theorem 20. Let T be a tree, A ∈ H(T ), λ ∈ σ(A) andmA(λ) = M(T ). Then, every Parter vertexw of T has at least two downer
neighbors for λ, A. Hence each Parter vertex is adjacent to at least two neutral edges.
Proof. Using Lemma 16,w has at least two downer branches i.e two neighbors u and v which are downer in their branches.
By Table 2 and Theorem 18, both u and v are downer vertices for λ, A. Now, in view of Table 2, two edges wu and wv are
neutral. 
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